We consider three types of changes that attractors can undergo as a system parameter is varied. The first type leads to the sudden destruction of a chaotic attractor. The second type leads to the sudden widening of a chaotic attractor. In the third type of change, which applies for many systems with symmetries, two (or more) chaotic attractors merge to form a single chaotic attractor and the merged attractor can be larger in phase-space extent than the union of the attractors before the change. All three of these types of changes are termed crises and are accompanied by a characteristic temporal behavior of orbits after the crisis. For the case where the chaotic attractor is destroyed, this characteristic behavior is the existence of chaotic transients. For the case where the chaotic attractor suddenly widens, the characteristic behavior is an intermittent bursting out of the phase-space region within which the attractor was confined before the crisis. For the case where the attractors suddenly merge, the characteristic behavior is an intermittent switching between behaviors characteristic of the attractors before merging. In all cases a time scale~can be defined which quantifies the observed post-crisis behavior: for attractor destruction,~is the average chaotic transient lifetime; for intermittent bursting, it is the mean time between bursts; for intermittent switching, it is the mean time between switches. The purpose of this paper is to examine the dependence of~on a system parameter (call it p) as this parameter passes through its crisis value p =p, . Our main result is that for an important class of systems the dependence of~on p is r-~p -p,~r for p close to p"and we develop a quantitative theory for the determination of the critical exponent y. Illustrative numerical examples are given. In addition, applications to experimental situations, as well as generalizations to higher-dimensional cases, are discussed. Since the case of attractor destruction followed by chaotic transients has previously been illustrated with examples [C. Grebogi, E. Ott, and J. A. Yorke, Phys. Rev. Lett. 57, 1284 11986)], the numerical experiments reported in this paper will be for crisis-induced intermittency (i.e., intermittent bursting and switching).
I. INTRODUCTION
Crises' are a common manifestation of chaotic dynamics for dissipative systems and have been seen in many experimental and numerical studies. In a crisis, one observes a sudden discontinuous change in a chaotic attractor as a system parameter is varied. The discontinuous changes are typically of three types: in the first a chaotic attractor is suddenly destroyed as the parameter passes through its critical crisis value; in the second the size of the chaotic attractor in phase space suddenly increases; in the third type (which can occur in systems with symmetries) two or more chaotic attractors merge to form one chaotic attractor. [ Fig. 2(a) Fig. 2 
(b).
In the derivation (given in Sec. III) of our formulas for y, it is assumed that the tangencies occurring in Figs. 2 are of the quadratic type. In both cases, the chaotic attractor is the closure of one of the branches of the unstable manifold of B (for Fig. 2 , the branch leaving B going toward the right). For the case of Fig. 2(a) , the chaotic attractor is also the closure of the unstable manifold of A.
We show in Sec. III that the critical exponent y obeys two distinct laws depending on the type of tangency the where P, and P2 are the expanding and contracting eigenvalues of the periodic orbit B in Fig. 2(b) . In the limit of strong contraction (a2, P2~0), Eqs. (2) and (3) yield y = -, ', the result for a one-dimensional map with a quadratic maximum.
In Figs collides with as the crisis is initiated (Fig. 2) 
As shown in Fig. 13 functions correspond to the fact that we know with absolute certainty that an orbit in a given band will return precisely to that band 2 iterates later, while the broadband continuum component of the spectrum reAects the chaotic motion within the bands. As p increases from below p to above p, the number of bands halves.
Correspondingly, the number of 6 functions must also halve. This occurs by broadening each of the components at co, 3', . . . , (2 -1)co into an approxi-~n
Furthermore, noting that p, pz --J,we have
where the universal number r) is q=l P, n=0. 541, and J is the Jacobian of the map (assumed constant). Note that the one-dimensional result (y= -, ') is recovered in the limit J~O.
III. ANALYSIS FOR TWO-DIMENSIONAL MAPS
In this section we derive Eqs. Fig. 15 is part of the stable manifold (dashed lines) of the unstable fixed point with the two attractor pieces on either side in Fig. 15(a) [the fixed point is the large dot in Fig. 15(a) ]. At p =p, [Fig. 15(b) ] the attractor pieces becomes tangent to the stable manifold of the unstable period-1 fixed point orbit. We have also examined the unstable manifold of the period-1 orbit, and we find that it constitutes the outer edge of the attractor, as in Fig.  2(b) . Thus the "crisis" (for the 2-times-iterated map) is of the homoclinic type, and Eq. (3) determines y. As we look at higher and higher order band mergings, we obtain a universal correction to the one-dimensional result. In particular, we rewrite Eq. (3) for the band merging near p=p as y=y =( -, ')+( -, ')ln/3, /ln(p, p2) '. For m greater than 2 or 3 we expect that p& is close to its value for the one-dimensional map. In fact, as m~~, P& rapidly approaches a universal value for onedimensional maps with a quadratic maximum, Consider the situation at p =p, represented schematically in Fig. 17 . We denote the measure of the attractor in the shaded region defined by the unstable manifoM segment aoc and the vertical line abc by p(e), where we take the vertical line abc to be a distance e from the stable manifold of B. We assume that p(e)-er, for small e, and, as in Sec. IIIA, we identify the exponent for p(e) with that governing the scaling of the characteristic time r(r -~p -p,~r ). The basis for this assumption is that, for r =p -p, positive and small, we exregion to which the chaotic attractor was confined for p &p"moving to the left along the outward (left-going) branch of the unstable manifold of 8. 16. Since after falling in region a'b' the orbit soon (i.e. , n steps after) falls in region ab, we estimate r as the average time it takes an orbit to land in region a'b'. Now consider the probability measure of the attractor at p =p,~~' is then estimated as the probability that an orbit on the p =p, attractor falls on a given iterate in the region a 'b ', and we denote this probability by p( r ). Now reduce r by the factor az(razr) and consider the resulting region ab. After we iterate backwards n + 1 steps (instead of n), the long dimension of the preiterated region is again r /az but the width is changed to (azr )' /a", +'. Assuming that, for our purposes, the attractor measure can be treated as if it were smooth in the direction of the unstable manifold of 3, we have 
Combining Eqs. (14) and (15) Fig. 19 ) goes exactly to 0. Thus, for Po, the return time to the Poincare surface is infinite, and, for points in the surface of section close to Po, the return time can be arbitrarily large. A prominent example where this occurs is the Lorenz system. In particular, in a certain parameter range there are three attractors: one is a chaotic attractor, while the other two are fixed point attractors (which are symmetrically placed in accord with the underlying symmetry of the Lorenz system). As the parameter is changed, the chaotic attractor collides with the basic boundary of the fixed-point attractors and results in a chaotic transient. Figure 19 schematically shows the situation for the case where the parameter value p is close to the crisis value p, and there is a chaotic transient. In Fig. 19 Yorke, Physica 7D, 153 (1983) ].
The result would be Eq. (2) but with a& and a~incorrectly replaced by the Lyapunov numbers of the attractor. The resolution of this apparent disagreement is that the pointwise dimension is equal to the attractor's information dimension for almost all points with respect to the attractor measure. However, points on the outer edge of the attractor are exceptional in that they are part of the measure zero set for which the pointwise and information dimensions are not
